ABSTRACT. In this paper, a general weight function is developed to calculate the stress intensity factors (SIFs) for quarter-elliptical cracks in a wide range of lug attachment family. For this purpose, a series of finite element analyses are performed. Finally, using this unique extracted weight function, the influence of the pin loading model and crack parameters (aspect ratio and relative depth of the quarter-elliptical crack) on the SIFs is evaluated in the cracked lug attachments. The results of the present work are compared with some data available in the literature, and the agreement is satisfactory.
INTRODUCTION
ug-type joints are one of the most useful and serviceable types of attachments in aerospace industries, which play an important role in the integrity of mechanical structures. Because of their application and loading condition, these parts are very critical. The stress distribution around the hole of lugs and the complexity of pin loading makes these parts critical and may result in cracks initiation. To evaluate the crack growth, firstly a fracture study should be done, which leads to fatigue life estimation. For this study, calculation of stress intensity factor (SIF) is very important and should be achieved precisely to ensure the precision of the results of next stages. It is helpful to perform stress analysis before starting from a fracture study. Jiang et.al [1] performed a 3D numerical analysis using finite element method (FEM) to investigate the effect of geometrical parameters of a lug on its stress concentration factor (SCF). They found that SIF is very sensitive to the change of these parameters. In addition, they reported that SIF has almost a linear relation with the friction coefficient. Wang [2] studied the stress fields in a lug under various loading conditions, such as the contact and clearance between the lug and a pin. It was shown that the effect of rigidity between the L pin and lug on stress distribution is small. Grant and Flipo [3] made a parametric analysis to study the change of interference between a pin and a lug hole, together with the effect of the radius of the hole and thickness of the lug on the stress. This paper takes into account both 2D and 3D FEM models and their results. Studying the fracture of a lug due to its loading condition as mentioned earlier is necessary. There are many approaches to obtain SIF in a cracked lug to evaluate its fracture. Kathiresan et al. [4] used a 2D FE fracture analysis on a tapered lug. Results show that in a tapered lug, SIF has a lower value than a straight lug for symmetric loading. A similar work were performed by Hsu [5] on a tapered and a straight lug. The effect of lug and crack parameters on the stress distributions and SIF were determined in both cases. Kathiresan et al. [6] obtained SIF solutions for through cracks in lugs using the Green's function method and correction factors. Narayana et al. [7] analyzed the presence of cracks in metallic and composite lugs using finite element analysis. Boljanović and Maksimović [8] and Boljanović et al. [9] carried out two similar investigations, in which they obtained the SIFs for both through and surface cracks using 3D FEM analysis. Naderi and Iyyer [10] used three type of pin loadings such as full contact problem, cosine pressure distribution and uniform pressure distribution in their XFEM model. Results confirmed that SIFs came from full contact loading of the pin is higher from those two other models. Also, Naderi et al. [11] used an extended isogeometric analysis in order to calculate SIF in lug attachments which uses some new functions. The resulted SIFs were used to study the crack growth of straight attachment lugs. Rigby and Aliabadi [12] used the boundary element method and the J-integral to obtain SIFs in a single quarter elliptical and symmetrical quarter elliptical cracks in a lug. Wang [13] extracted a weight function (WF) for a wide range of through cracks in a lug based on the boundary element method. Mikheevskiy et al. [14] employed the WF technique for fatigue crack growth analysis of a cracked lug using the load-shedding effect. The shape of crack changed from a quarter circular to an edge crack in the crack growth process of that quarter elliptical crack. Wu and Tong [15] provided a 1D WF to calculate the crack surface displacements of cracks in radial. Xu et al. [16] developed an analytical 1D WF for a pin-loaded specimen with a single crack at mixed mode condition. Bahloul et al. [17] considered crack tip residual stress field and material dispersion in their fracture modelling of a lug. The proposed approach was able to predict the fatigue crack growth in lug attachments with a good reliability. There are some similar works like the Newman's papers [18, 19] that formulated SIFs in finite plates which contain a hole with cracks. These formulas could not be used for lug parts because of the difference in geometry, boundary condition and also the ratio of hole radius to the width of lug. In a different work, Chikmath and Dattaguru [20] used a prognostic analysis to monitor the criticalities in lug attachments during fatigue crack growth. In this paper, they made it possible to change the contact condition between lug and pin during the fatigue loading. The goal of present work is to compute a weight function to predict stress intensity factors in a wide range of lug attachments family, which is very useful in their life estimation. The considered flaw configuration is a quarter-elliptical crack which is located inside the lug. Extraction of the WF is based on the 3D FE analyses. The computed WFs can be employed for both surface and deepest points of the quarter-elliptical cracks. The proposed WF could be used for the cracks in lugs having different ratios of width to radius in the lug's hole, as well as different aspect ratios and depth ratios for the crack. Because of these characteristics, the extracted WF is a unique and independent tool, which could be used in many problems with different loading condition, lug geometries, and crack configurations. It means that in the literatures there is no similar WF, which could cover a wide range of lugs and be presented in the paper with its educational aspects. The outcomes of the present WF are compared with special cases in the literature to verify the results of this paper. The results obtained are in good agreement with those available in literature. The derived WF can play an important role to assess fatigue crack growth in attachment lug. Finally, the effects of loading types on the SIFs are studied as an application of present WF. The characteristics and novelties of the WF presented in this study could be summarized as:  Capability in calculating SIFs in the lugs containing quarter-elliptical corner cracks subjected to complex stress distributions.  Feasibility to be used in a board range of lug's family with different geometries having various quarter-elliptical cracks' parameters.  Proposal of efficient WFs for the estimation of crack growth in lug attachments.
GEOMETRY OF THE ATTACHMENT LUG AND THE MATERIAL PROPERTIES
he examined lug is made of Al 7075 T7351 and shown in Fig.1 . Ro is the outer radius of the lug, Ri is the radius of lug hole, and B is the thickness of lug. In order to extract a WF valid for a range of lug parameters, values of Ro and R i are not constant. The parameters of the quarter elliptical crack in this lug are a and c as described in Fig.1 
WEIGHT FUNCTION EXTRACTION PROCEDURE
n this section, all related steps to achieve the WF are presented. During the first step of the process, a numerical analysis (FEA) should be used to determine the SIFs for two reference loads. Considerable attention must be paid when 3D FEA results are sensitive to element size and convergence. At this point, the results of the analysis are employed to obtain the WF. At the end of these steps, further verifications are performed on the computed results.
Finite element analysis
In order to achieve a WF it is very important to have enough results, at those ranges of parameters that would be the variants of the function. Here, three variables are considered, which are: R o /R i , a/c and c/B. Their ranges are defined according to literatures. These ranges are 1.5 to 3, 0.2 to 1 and 0.2 to 0.8 for Ro/Ri, a/c and c/B, respectively. By considering a constant value of B, the other parameters could be calculated according to that. The considered variation of these parameters is presented in Tab According to these parameters, 3D finite element models are developed in ABAQUS [21] FE program to obtain SIFs corresponded to each condition. Because of the location and the shape of crack in the lug, same as the schematic in Fig. 1 , the complete model is employed. 3D meshes are implemented for these analyses as shown in Fig. 2 . 20-node brick elements are used for all parts of the lug, except the region around the crack tip. Collapsed wedge-shaped elements, which midpoints are shifted to quarter points, are implemented for crack tip region due to the singularity. There are three general methods for calculating stress intensity factors from FEA. These methods are: displacement extrapolation (DE), the stiffness derivative technique (SDT), and the J-integral technique. Both the DE method and the SDT are sensitive to mesh accuracy I around crack front using singular elements. The J-integral method, instead, reduces this problem. J-integral method is chosen in ABAQUS for calculating the SIFs in these analyses. The SIFs due to reference loading are calculated for determining the WF. The stress distributions across the plane of the crack specify are regarded as reference loads. The crack face is subjected to a general power-law stress distribution. The general equation to introduce the reference loading is given by:
where n is a positive integer number and is equal to 0 and 1 for uniform and linear reference loadings, respectively. x is the distance from the inner surface of the hole (moving positive towards), 0 is the amplitude of the loading, and a is the crack length according to Fig.1 . ABAQUS has this ability to give SIFs directly, but SIFs are achieved from J-integral as follows:
About Eqn. (2) it should be noted that, this equation is valid for the points which have singularity with the power of 0.5, but for the end points of the crack front the power of singularity is not equal to 0.5. Therefore, the results will be extracted near these end points on the crack front to have accurate results [22] [23] [24] . The results from the uniform and linear reference loadings would be used in the process of fitting curves for extracting the WF.
Verification of FEM results
Because FEM results are the base part of this work, a separate verification is done. In order to verify the resulted SIFs of this work, Refs. [6, 8] are used (Tab. 2). The lug is subjected to the pin loading. The rigid pin was considered to fit in the lug hole with zero clearance and frictionless. In this case the pin has contact with the hole of lug (both have equal radius) and the applied force is in the y-direction, according to Fig.1 . The surface and deepest points of the crack (A and B) are introduced ( Fig.3) for this comparison. The results are normalized (K N =K I / br σ . πa which br =P/ (2.R i . B) and P is the total pin load in the lug). SIFs here obtained are compatible with those reported in Refs. [6, 8] . It is obvious that the results of the present FE model are compatible with analytical and FE results of mentioned references and the maximum difference is about 4 percent. 
The weight function extraction
The basis of the WF method is the SIF calculation process, which is independent of the loading shape. The SIF corresponding to (x) (see Eqn. (3)) can be determined for arbitrary loading on the considered points on the crack front (here deepest and surface points) by a single integration:
where K is the SIF for an arbitrary loading, (x) is the stress distribution equation on the crack plane for the un-cracked lug and m(x,a) is the appropriate WF for this geometry. For a corner crack, this WF would be determined as:
where H is a constant of material and can be expressed by:
u is the crack face displacement which has the effects of boundary condition inherently. According to Ref. [26] the general form of WF for corner cracks at the surface and deepest points are given by:
where M iA and M iB (with i = 1,2,3) are constants of the WF for the surface and the deepest point of the crack respectively, and could be calculated using two reference loadings (uniform and linear) and an added condition. The added condition for calculating the constants of the WF for surface point of the crack [27] is that the second derivative of WF should be zero at x=0:
The condition for the deepest point of the crack is that the value of the WF at x=a should be zero.
The obtained equations from these two conditions are
1 0
If Eqns. 10 and 11 are used, only two reference stress intensity factors have to be known. By considering (x), when n is equal to 0 (uniform stress) and 1 (linear stress), the SIFs are for the surface point of crack: 
Substituting Eqns. 6 and 12 into Eqn. 3, the WF constants for the surface point of the crack can be found as
In the same way, substituting Eqs. 7 and 13 into Eqn. 3 and using Eqn. 11, the constants MiB for the deepest point of the crack can be determined as 
3 3 3 1 1 1
In addition, values of coefficient Akijl and Bkijl are listed in Tab. 3 and Tab. 4, respectively. 
Verification of the weight function
The dimensionless SIF results extracted from the present study under real pin loading by using both the WF and FE analysis are compared with those of Ref. [28] in Fig. 4 for Ro/Ri=2, a/c = 1 and 0.2≤c/B≤0.8 . Kc and Ka represent the SIFs in the deepest and the surface points of the crack, respectively. The pin loading is modeled as a contact problem with zero friction. The SIFs obtained from the WF method, FEA and analytical results of Ref. [28] are approximately the same and are also given in Fig. 4 for comparison purpose. In addition, dimensionless SIFs (K N =K I /( br √ a)) under a real pin loading with frictionless contact are compared with those of Ref. [6] for Ro/Ri=2.25 , a/c = 1 and 0.2≤c/B≤0.8 for the surface and the deepest points of the crack, listed in Tab. 8 and Tab. 9. The maximum difference of the SIFs obtained from WF and the analytical results of Ref. [6] is less than 8%. Table 9 : SIFs of deepest point of the crack under real pin loading with contact at R 0 /Ri=2.25.
A comparison is done between the results of the WF and those in Ref. [14] for a lug with a quarter-circular crack subjected to a constant gross stress. Table 10 : SIFs of the surface point of the quarter-circular crack under real pin loading with contact R 0 /R i =2.7.
Other approaches for simulating the pin loading are constant pressure and cosine pressure in the lug hole in the direction of pin load, which are also modeled in this work. The resulted SIFs are calculated using the WF according to Rigby and Aliabadi's work [12] . The presented cosine pressure loading in this study is defined as
in which P is resultant load in the y-direction and θ is the angle from pin loading direction according to coordinate system in Fig.1 . A comparison between the present WF results and those in Ref. [12] is made in Tab. 11 and 12. The results are dimensionless according to Ref. [12] . The comparison of the results shows that the maximum difference between calculated SIFs using the present WF with those computed using BEM in Ref. [12] 
EVALUATING THE EFFECT OF PIN LOADING CONDITIONS AND CRACK PARAMETERS VARIATION
n order to model pin loading in the attachment lug, three methods could be implemented. These three methods are the real pin loading (contact between pin and lug hole), the constant pressure and the cosine pressure. Here a study is done to evaluate the effect of each loading conditions on the resulted SIFs. The results are calculated for R o /R i =2, a/c=1, 0.2≤c/B≤0.8, 9.6 kPa gross stress, which are presented in Tabs. 13 and 14. It is evident that the real pin loading has the largest values for SIFs than the other two methods. Among the three common types of loading in the lug hole, the real pin loading condition has the largest magnitude of the SIFs. Further, it is obvious that when c/B increases, values of SIFs increase in both deepest and surface points of the crack because of the effect of crack depth on the SIF. In order to study the effect of a/c and c/B on the SIFs, a comparison is done for different values of a/c and c/B using the WF method. The results are shown in Fig. 5 and Fig. 6 for the real pin loading model. It could be concluded that by changing the shape of the crack from a quarter circle to a quarter ellipse, the values of the SIFs for surface points of the crack increase despite the fact that the SIF values for deepest points of the crack decrease. Also for both points when a/c<1, by increasing the a/c, SIF values increase. It is obvious that increasing the c/B would increase the value of SIFs in surface and deepest points. 
EVALUATING THE EFFECT OF BUSH AND INTERFERENCE FITTING
ne of the cases for the contact between the lug and the pin is when the diameter of the pin is a little larger than the lug hole, which is called interference loading. Another approach is when a bush exists between the pin and lug hole (in this case the bush would have interference contact with the hole of lug) and the contact between the pin and the bush is neat. In this paper the amount of interferences for both cases is considered 0.1 mm and the consequence effects are studied for different values of a/c, c/B and fixed value of Ro/Ri=2.25. The thickness of bush is 1 mm and it is made of the same material as the lug. The analysis was performed for 100 kN force of pin. The results are compared with the those obtained from neat loading condition without any interferences and bush in Tab. 15. It is obvious that the values of SIFs for neat contact between the pin and the lug are more than the case of interference contact and the bush existence. That is the reason why these two cases are used in fatigue conditions for increasing the life time. By comparing the results between the interference contact of the pin and the lug and the case that the bush exists, it can be understood that in the presence of bush, the values of SIFs are lower than the other. This is a study for this case of loading and for choosing an appropriate value for the interference to have a benefit effect on the fatigue life of the lug, the extracted WF could be used to avoid the time consumer modelling and analysing. O CONCLUSION n the present work, a WF has been proposed to predict the stress intensity factor for cracked lugs with various geometrical parameters. A quarter-elliptical crack was considered at the inner surface of the attachment lug. For this aim a series of 3D FE analyses have been done for two reference loadings (uniform and linear). Lug parameters and their ranges which have been considered as variants in these analyses were 1.5≤R o /R i ≤3, 0.2≤a/c≤1 and 0.2≤c/B≤0.8 . The achieved WF has been considered a function of these three parameters, which gives this ability to predict the SIFs in lugs with different loading condition, geometries and crack configurations. This characteristic helps to study this wide range of lug family, without any need to other time consumer approach and beside that, the accuracy of this method is confirmed. It has been validated by comparing the calculated SIFs of WF and those reported in the literatures. It was evident that the results had good agreement with considering the average of the differences. In addition, the effects of three approaches of pin loading model on the SIFs values have been studied using the extracted weight function. These three types of the pin loading have been modeled as the real pin loading with contact to the lug hole, the constant pressure and the cosine pressure on the lug hole. The results have shown that the real pin loading gives the largest values of SIFs and it is the accurate approach in life estimation. In the next part of the paper, the effects of the variation of crack parameters (a/c and c/B) on SIF values have been studied. At the end of this paper in order to study the effect of the interference between the pin and the lug contact and also the effect of bush existence on the SIFs variation, the extracted weight function in present study has been applied. It have been observed that the values of SIFs for neat contact between the pin and the lug are more than the case in the presence of interference and bush with interference in contact condition. For the considered loading it is obvious that the use of interference in lug and pin contact and also the use of bush with interference between them can improve the fatigue life of the lug. It should be noted that the value of interference should be calculated in order to have a beneficial effect on the life of the lug. Therefore the extracted weight function could be used without any extra modelling and time consuming analysis for different cases.
